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Abstract
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1 Introduction

The aim of this paper is to provide equivalent overdetermined and underde-
termined bivalent Belnap-Dunn type semantics for the logics determined by all
natural implicative expansions of Kleene’s strong 3-valued matrix with only one
designated value. Let us explain with detail this aim. We begin by briefly
discussing the notions “Belnap-Dunn semantics”, “natural conditionals” and
“Kleene’s strong 3-valued matrix” (we refer to some of the preliminary defini-
tions in §2 or in other sections below).

Belnap-Dunn semantics (BD-semantics) originates with Belnap and Dunn’s
well-known logic B4 introduced to treat inconsistent and incomplete situations
(cf. [5], [6], [7] and [8]). BD-semantics is characterized by the possibility of
assigning T (truth), F (falsity), both T and F or neither T nor F to the formulas
of a given formal language, or, indeed, to the propositions of a language in
general. Conjunction, disjunction and negation are the only connectives in
B4, but Belnap and Dunn’s approach has been generalized to the notion of a
bilattice, which was found important applications in artificial intelligence (cf.,
e.g., [2] and [3]). There are two special types of BD-semantics, underdetermined



BD-semantics (u-semantics) and overdetermined BD-semantics (o-semantics).
Formulas can be assigned T, F or neither T nor F in the former; T, F or both
T and F, in the latter. U-semantics is a “partial” semantics and o-semantics is
its dual. We refer the reader to Dunn’s classical paper [8] for more information
on the topic.

On the other hand, given a matrix semantics, a conditional is “natural”
if it fulfills the following three conditions: (1) it coincides with the classical
conditional when restricted to the classical values T and F; (2) it satisfies the
Modus Ponens; and (3) it is assigned a designated value whenever the value
assigned to its antecedent is less than or equal to the value assigned to its
consequent. The notion of a “natural conditional” is understood as defined in
[24] (cf. Definition 2.7), but it has to be remarked that stricter notions can be
found in the literature (cf., e.g., [4]).

In the third place, Kleene’s strong 3-valued matrix MK3 (our label) was
defined in [10] in the context of the treatment of partial recursive functions.
The matrix MK3 can be defined as shown in Definition 2.6. We can take either
2 as the only designated value or else both 1 and 2. In the former case 1 can be
interpreted as neither truth nor falsity; in the latter, as both truth and falsity.
The value 2 is, of course, truth, while 0 is falsity.

There are exactly 24 natural implicative expansions of MK3 with 1 and 2
as designated values, and 6 with 2 as the only designated value. By using
a BD-semantics we have axiomatized in a general and unified way the logics
determined (cf. Definition 7.4) by these 30 natural implicative expansions of
MK3. As it was to be expected, an o-semantics is used for the logics determined
by the 24 expansions of MK3 with two designated values (cf. [17]) and a u-
semantics for the logics determined for the 6 expansions of MK3 with only 2 as
designated value (cf. [19]). It is obvious that it does not make sense to try and
define a u-semantics for the former logics, but we will show that the latter can
equivalently be interpreted with a u-semantics and an o-semantics.

Concerning these semantics, there is another question that has to be re-
marked. Given a matrix M, as it is known, there are essentially two different
ways of defining a consequence relation in M: a truth-preserving relation or a
degree of truth-preserving relation (cf. Definition 7.1). In this sense, the n-
valued Lukasiewicz logic En (n = 3,...,w) is generally understood as the logic
determined by the truth-preserving consequence relation defined in the matrix
MLEn (cf. Definition 7.1). But Wéjcicki has remarked that Ln can also be viewed
as the logic determined by the degree of truth-preserving consequence relation
(cf. [26], §13). Actually, he goes as far as to affirm: “If not supplemented with
a suitable epithet, Lukasiewicz logic is an ambiguous term” ([26], p. 42). Let us
refer by Ln' and Ln< to the former and the latter logic, respectively. Although
both logics share, of course, the same set of valid formulas, they are fairly dif-
ferent, En= being included in En' (cf. Definition 2.3) but not conversely. Well
then, in our papers [17] and [19] referred to above, we have only considered
truth-preserving consequence relations and their corresponding relations in BD-
semantics (o-relations in [17] and u-relations in [19]). In the present paper,
however, it will be shown that it is possible to define degree of truth-preserving



consequence relations in 4 of the 6 natural implicative expansions of MK3 with
only one designated value. Then, the corresponding equivalent o-relations and
u-relations will also be defined and the required strong soundness and complete-
ness theorems will be proved. In this way, we define paraconsistent versions of
four of the logics defined in [19] w.r.t. a truth-preserving consequence relation.

The present paper pursues previous work by the authors. In addition to [17]
and [19] commented upon above, the following pages include and generalize to
all logics determined by the 6 expansions of MK3 (with only one designated
value) results of [18] and [16] where equivalent o-semantics and u-semantics
are defined for Luksiewicz’s 3-valued logic L3 and positive 3-valued logic G3
expanded with a Lukasiewicz type negation, respectively.

In section 8 of the paper (“Concluding remarks”), we briefly comment upon
some related work to the results in the present paper called to our attention by
the referees of the JANCL.

The structure of the paper is as follows. In §2, we define some preliminary
notions as, e.g., “Kleene’s strong 3-valued matrix” or “natural conditional”. In
§3, six different Hilbert-type axiomatic systems are defined. It will be proved
that each one of these systems is determined by one of the six natural implicative
expansions of MK3 with only one designated value. The six systems are defined
in a general and unified way taking Routley and Meyer’s basic logic B (cf. [20],
Chapter 4) as a reference point. In §4, equivalent o-semantics and u-semantics
are provided for each one of the six systems defined in §3 and the soundness
theorems are proved. In §5, we demonstrate a number of properties of theories
built upon some or all of the six logics defined in §3. These properties are
essentially used in the completeness proofs developed in §6. So far, only weak
soundness and completeness theorems have been proved. In §7, truth-preserving
and degree of truth-preserving consequence relations are defined together with
their corresponding o-relations and/or u-relations. Then, strong soundness and
completeness theorems are proved w.r.t. each one of these relations. The paper
is ended in §8 with some remarks on the results obtained.

2 Natural implicative expansions of MK3

In this section, Kleene’s strong 3-valued matrix and all its natural implicative
expansions are recalled. Firstly, we state some preliminary definitions where we
recall some basic notions as used in the present paper.

Definition 2.1 (Language) The propositional language consists of a denu-
merable set of propositional variables pg,p1, .-, Pn, --, and some or all of the fol-
lowing connectives — (conditional), A (conjunction), V (disjunction), = (nega-
tion). The biconditional (<) and the set of wffs are defined in the customary
way. A, B etc. are metalinguistic variables.

Definition 2.2 (Logics) A logic L is a structure (L, 1) where L is a propo-
sitional language and b1, is a (proof-theoretical) consequence relation defined on



L by a set of azioms and a set of rules of inference. The notions of ‘proof’ and
‘theorem’ are understood as it is customary in Hilbert-style aziomatic systems
(Tt A means that A is derivable in L from the set of wffs T'; and -, A means
that A is a theorem of L).

Definition 2.3 (Extensions and expansions) Let L and L' be two proposi-
tional languages. L' is a strengthening of L if the set of wffs of L is a proper
subset of the set of wffs of L. Next, let L and L' be two logics built upon the
propositional languages £ and L', respectively. Moreover, suppose that all az-
ioms of L are theorems of L' and all primitive rules of inference of L are provable
in L'. Then, L' is an extension of L if L and L are the same propositional lan-
guage; and L' is an expansion of L if L' is an strengthening of L. An extension
L' of L is a proper extension if L is not an extension of L.

Definition 2.4 (Logical matrix) A (logical) matriz is a structure (V, D, F)
where (1) V is a (ordered) set of (truth) values; (2) D is a non-empty proper
subset of V (the set of designated values); and (3) F is the set of n-ary functions
on V such that for each n-ary connective ¢ (of the propositional language in
question), there is a function f. € F such that V" — V.

Definition 2.5 (M-interpretation, M-validity) Let M be a matriz for (a
propositional language) L. An M-interpretation I is a function from the set of
all wfffs to V according to the functions in F. Then, Eyy A (A is M-valid; A is
valid in the matriz M) iff I(A) € D for all M-interpretations I.

We point out that the truth-preserving and degree of truth-preserving con-
sequece relations definable in the matrices of interest in this paper are defined
in Definition 7.1.

Definition 2.6 (Kleene’s strong 3-valued matrix) The propositional lan-
guage consists of the connectives A\, V,—. Kleene’s strong 3-valued matriz, MK3
(our label), is the structure (V, D, F) where (1) V = {0,1,2} and it is ordered
as shown in the following lattice

O —

(2) D ={1,2} or D ={2}; (3) F = {fn, fv, [~} where fn and fy are defined
as the glb (or lattice meet) and the lub (or lattice joint), respectively, f- is an
involution with f-(2) =0, fo(0) = 2 and f-(1) = 1. We display the tables for
A, V and —:



AlO 1 2 v|io 1 2 -0
00 0 0 0jo0 1 2 02
110 1 1 1|1 1 2 1)1
2|10 1 2 22 2 2 2|0

The notions of an MKS3-interpretation and MKS3-validity are defined accord-
ing to the general Definition 2.5.

In what follows, all natural implicative expansions of MK3 are defined.
Firstly, we define the notion of a natural conditional and the set of all nat-
ural conditionals in 3-valued matrices where V is as in MK3.

Following Tomova [24], we define “natural conditionals” as follows.

Definition 2.7 (Natural conditionals) Let L be a propositional language with
— among its connectives and M be a matriz for L where the values x and y rep-
resent the supremum and the infimum of V. Then, an f_ -function onV defines
a natural conditional if the following conditions are satisfied:

1. f-, coincides with (the f_ -function for) the classical conditional when
restricted to the subset {x,y} of V.

2. f_, satisfies Modus ponens, that is, for any a,b € V, ifa — b € D and
a€ D, thenbe D.

8. Foranya,beV,a—be D ifa<b.

Proposition 2.8 (Natural conditionals in 3-valued matrices) (a) Two
designated values: Let L be a propositional language and M be a 3-valued matrix
where V is defined exactly as in MK3 and D = {1,2}. Now, consider the 24 f_,
functions defined in the following general table:

—|0 1 2

02 a 2
I 1 0 a9 as

2 |0 b 2

where a; (1 <4 < 3) € {1,2} and by € {0,1,2}. The set of functions
contained in TI is the set of all natural conditionals definable in M.

(b) One designated value: Now, let M and V be as above but D = {2}.
Consider the 6 f_, functions in the following general table:

-0 1 2
0|2 2 2
HEy e 2 2
2 |0 b 2

where a € {0,1,2} and b € {0,1}. The set of functions contained in TII is
the set of all natural conditionals definable in M.



Proof. It is obvious (cf. [17], [19]. These tables can be found in [23] and [25],
in addition to [24] (we owe this remark to a referee of the JANCL). m
Next, all natural implicative expansions of MK3 are defined.

Definition 2.9 (Natural implicative expansions of MK3) (a) Two des-
ignated values: There are exactly 24 natural implicative expansions of MKS,
which are defined as follows. Each one of them is the structure (V, D, F) where
V,D, fr, fv and f- are defined exactly as in MK3 (cf. Definition 2.6, with
D = {1,2}), whereas f_, is defined according to one of the tables in TI. (b)
Only one designated value: There are exactly 6 natural implicative expansions
of MK3, which are defined as follows. Each one of them is the structure (V, D,
F) where V, D, fa, fv and f- are defined exactly as in MK3 (cf. Definition 2.6,
with D = {2}), whereas f_, is defined according to one of the the tables in TII.
The notions of M-interpretation and M-validity are understood according to the
general Definition 2.5.

The aim of this paper is to provide equivalent underdetermined and overde-
termined BD-semantics for the logics determined by the expansions of MK3
with only one designated value defined above in Definition 2.9 (cf. Definition
7.4). For the reader’s convenience, we display the six tables (designated values
are starred):

— |10 1 2 — |10 1 2 — |10 1 2
0 |2 2 2 012 2 2 012 2 2
t 1 10 2 2 £2 1 1 2 2 t3 1 70 2 2
200 0 2 *200 1 2 200 1 2
-0 1 2 -0 1 2 -0 1 2
012 2 2 012 2 2 012 2 2
t 1 1 2 2 £ 1 12 2 2 t 1 12 2 2
200 0 2 *200 1 2 *200 0 2

We shall refer by Mti (1 <4 < 6) to the expansion of MK3 defined upon the
table ti; and by Lti (1 <4 < 6) to the logic determined by Mtq.

We note that Lt2 is a logic equivalent to Lukasiewicz’s 3-valued logic L3.
Lt3 is a logic equivalent to G3y, (cf. [16]) and Lt5 is treated in [12] (cf. p. 65).
But the logics determined by Mtl, Mt4 and Mt6 have not been considered in
the literature, as far as we know. (However, see section 8.)

3 The Lti-logics

We shall generally refer by the term Lti-logics to the logics determined by the
Mti-implicative expansions of MK3 defined in Definition 2.9(b). We shall ax-
iomatize the Lti-logics in a general and unified way. We use Routley and Meyer’s
basic logic B, which is defined below (cf. [20], Chapter 4).



Definition 3.1 (The logic B) Routley and Meyer’s basic logic B is axioma-
tized with the following axioms and rules of inference.
Axioms:

Al. (ANB)— A /(AANB)— B
A2. [A=B)AN(A—-C) —[A— (BACO)]
A3. A—- (AVB) /B— (AVB)

AL [A—=C)AN(B—C)]—[(AV B) — C|
A5. [ANBVC)] —=[(AANB)V (AAC)
A6. A — ——A

A7 ——A— A

Rules of inference:

Adjunction (Adj): A & B= AAB
Modus Ponens (MP): A— B & A= B
Suffizing (Suf): (A — B)=(B—C)— (A—C)
Prefizing (Pref): (B — C)=(A— B) - (A — ()
Contraposition (Con): (A — B) = -B — —A

We recall some theorems of B.

Proposition 3.2 (Some theorems of B) The following theorems are prov-
able in B (cf. [20], Chapter 4): (T1) A — A; (T2) -(AV B) < (=AAN-B);
(T3) =(AA B) < (mAV —B).

We note the following remark.

Remark 3.3 (The positive fragment of B) The positive (i.e., negationless)
fragment of B, By, is axiomatized with T1, A1-A5, Adj, MP, Suf and Pref (cf.
[20], Chapter 4).

Next, we define the logic b3, which is included in each one of the Lti-logics
(the label b3 is intended to abbreviate “basic logic contained in the six Lti-
logics”). Then, two extensions of b3, b} and b3, are defined. Lt1 through Lt4
are extensions of the former, whereas Lt5 and Lt6 include the latter.

Definition 3.4 (The logic b?) The basic logic b* is axiomatized with A1-A7,
(AAN-A) — (BV —-B) (A8), Adj, MP, Suf and Pref. That is, b is the result
of adding A6, A7 and A8 to By. Or, from another point of view, it is B minus
Con and plus AS.



Definition 3.5 (The logic b3) The logic b3 is the result of adding the rule Veq
and the following azioms to B plus A8 (or b* plus Con) (“Verum e quodlibet”
means “A true proposition follows from any proposition”):
Axioms:
A9. A —[AV (A — B)]

A10. B— [-BV (A — B)]

All. -(A—- B)A(mAANB)] - C

A12. [(A— B)ANA] — (mAV B)

A13. [(A— B)A—-B]— (mAV B)

Rule: “Verum e quodlibet” (Veq). A= B — A

In the following proposition, some theorems and a rule of b$ are remarked.

Proposition 3.6 (Some theorems of b}) The rule Efg and the following the-
orems are provable in b3 (“E falso quodlibet” means “Any proposition follows
from a false proposition”): (T4) [-(A — B)A-A] — A; (T5) [-(A — B)AB] —
~B; (T6) (A ~B) V (A — B); (T7) (AN ~B) — [<(A — B)V ~A]; (T8)
(AAN=B) — [~(A— B)V B|; “E falso quodlibet” (Efq). A = —-A — B.
Proof. T4, T5, T7 and T8 are easily derivable from B and A9, A10, A12 and
A13, respectively (by using Con, A6, A7 and the De Morgan laws T2 and T3).
Then, T6 is derivable by Con, All, A6, A7 and the De Morgan laws, and,
finally, Efq follows by Veq, Con and A7. m

Next, the Lti-logics Lt1 through Lt4 are defined as extensions of b3.

Definition 3.7 (The Lti-logics Lt1-Lt4) The Lti-logics Lt1 through Lt4 are
the result of adding the following axioms to b}.
Ltl:

A14. [[A— B)ANA]— B
A15. [(A— B)A—-B] — -A

Lt2:

A16. A — (B — A)
A17. -A— (A— B)

Lt5:

A14. [[A— B)ANAl— B
A16. A— (B — A)

Lty:

Al5. [(A— B)A—-B] - -A
A17. -A— (A— B)



Some theorems of Lt1-Lt4 are pointed out below.

Proposition 3.8 (Some theorems of Lt1-Lt4) The following theorems are
proved in Lt1-Lt}: (T9) A — [BV =(A — B)] in Lt! and Lt4; (T10) -B —
[~AV (A — B)| in Ltl and Lt3; (T11) -(A — B) — (AA-B) in Lt2; (T12)
—(A — B) — =B in Lt2 and Lt3; (T13) ~(A — B) — A in Lt2 and Ltj.

Proof. T9 (resp., T10): by A15 (resp., Al4), Con and T3, T6, T7; T12: by
Con and A16; T13: by Con, A17 and A7; T11: by T12 and T13. =

Definition 3.9 (The logic b3) The logic b3 is the result of adding the follow-
ing axioms to b3:

A14. [[A— B)ANA]— B

A16. A— (B— A)

A17. -A— (A— B)

A18. AV (A— B)

A19. -(AV B) < (mAA-B)

A20. -(AAB) < (mAV -B)

A21. (AN-B) — [-AV (A — B)]

A22. [-(A— B)A(mAV B)]|—=C

Next, Lt5 and Lt6 are defined as extensions of b3.
Definition 3.10 (The logics Lt5 and Lt6) The logics Lt5 and Lt6 are the

result of adding the following axioms to b3:
Lt5:

A23. =(A— B) < (AAN-B)
Lt6:

A2/. A— [BV (A — B)
A25. [[A—= B)AN(AAN-B)] —C

Given the axiomatizations defined above, it is not difficult to provide more
conspicuous formulations of the Lti-logics —cf. [17], §9 and [19], §10.

4 BD-semantics for the Lti-logics

In this section, we define a BD-semantics for each one of the Lti-logics. We will
define two types of models, underdetermined models (u-models) and overde-
termined models (o-models). It will be proved that each Lti-logic is (weakly)
sound (this section) and weakly complete (section 6) w.r.t. both its correspond-
ing u-models and o-models. Strong soundness and completeness are treated in
section 7.



In the first place, we define the general notions of a u-model and an o-model.
Then, ulLti-models and oLti-models are defined. By a semantics, we mean a
class of models together with the accompanying notion of validity. Thus, for
instance, an oLt2-semantics is formed by the class of all oLL.t2-models and the
annexed definition of oLt2-validity (cf. Definitions 4.5 and 4.6 below).

Definition 4.1 (u-models) An underdetermined model (u-model) is a struc-
ture (K, I) where (i) K = {{T},{F},0} and (ii) I is a u-interpretation from
the set of all wffs to K, this notion being defined according to the following
conditions for each propositional variable p and wffs A,B: (1) I(p) € K; (2a)
Tel(-A) iff Fel(A); (2v) FelI(-A) iff T € I(A); (3a) T € I(AN B) iff
TeI(A) and T € I(B); (3b) F € I(AANB) iff F € I(A) or F € I(B); (4a)
Tel(AVB)iff T € I(A) orT € I(B); (4b) F € I(AV B) iff F € I(A) and
F € I(B); (5a) there are two possibilities for assigning T to conditionals: (5a1)
TellA—B)iff FeI(A) orT €I(B) or [T ¢ I(A) and F ¢ I(B)]; (5a2)
TelIlA— B)iff T ¢ I(A) or T € I(B); (5b) there are four possibilities for
assigning F to conditionals: (5b1) F € I(A — B) iff [T € I(A) and T ¢ I(B)]
or [F ¢ I(A) and F € I(B)]; (5b2) F € I(A — B) iff T € I(A) and F € I(B);
(503) F € I(A — B) iff F ¢ I(A) and F € I(B); and (5b4) F € I(A — B) iff
TelI(A) andT ¢ I(B).

Then, underdetermined Lti-models (uLti-models) are defined as follows.

Definition 4.2 (uLti-models) For alli (1 <i < 4), uLti-models are u-models
with clauses (1)-(4b), 5al and 5bi. Then, uLt5-models are u-models with clauses
ba2 and 5b2; and uLt6-models are u-models with clauses 5a2 and 5b4.

Definition 4.3 (uLti-validity) Let M be a uLti-model (1 <14 < 6). A is true
in M (in symbols, FY; A) iff T € I(A) (I is the uLti-interpretation defined in
M); and A is valid in uLti-semantics (in symbols, EY,. A) iff A is true in all
uLti-models M.

Next, o-models and o-validity are defined.

Definition 4.4 (o-models) An o-model is a structure (K,I) where (i) K =
T}, {F},{T, F}} and (ii) I is an o-interpretation from the set of all wffs to
K, this notion being defined according to clauses 1, 2a, 2b, 3a, 3b, 4a and
4b in Definition 4.1 for each propositional variable p and wffs A, B, while the
clauses for the conditional are as follows. (5a) There are four possibilities for
assigning T to conditionals: (5a1) T € I(A — B) iff T ¢ 1(A) or F ¢ I(B) or
[Fel(A)andT € I(B)]; (5a2)T € I(A — B) iff F € I(A) or T € I(B); (5a3)
Tel(A—=B)if T ¢ I(A) orT € I(B); (5a4) T € I(A— B) iff F € I(A) or
F ¢ I(B); (5b) there are two possibilities for assigning F' to conditionals: (5b1)
Fel(A—B)iff[T€I(A) and T ¢ I(B)] or [F ¢ I(A) and F € I(B)]; (5b2)
Fel(A—B)iff F¢ I(A) and F € I(B).

Then, overdetermined Lti-models (oLti-models) are defined as follows.
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Definition 4.5 (oLti-models) For alli (1 <1i < 4), oLti-models are o-models
with clauses (1)-(4b), 5ai and 5b1. Then, oLt5-models are o-models with clauses
da2 and 5b2, and oLt6-models are o-models with clauses 5a4 and 5b2.

Definition 4.6 (oLti-validity) Let M be an oLti-model (1 <1 < 4). A is true
in M (in symbols, £, A) iff F ¢ I(A) (I is the oLti-interpretation defined in
M); and A is valid in oLti-semantics (in symbols, ES,. A) iff A is true in all
oLti-models M.

We note the following remark:

Remark 4.7 (Alternative interpretations of the conditional) Of course,
there are other possibilities for assigning F (resp., T ) to conditionals in u-models
(resp., o-models) (cf. [17] and [19]). Here we have restricted ourselves to the
conditions of interest for interpreting the logics Lt1 through Lt6.

Next, it is proved that the valuation relation Fypy; (cf. Definition 2.9) and
the relations F} ;and F7,, just defined are coextensive. Then, (weak) soundness
of each Lti-logic w.r.t. the three valuation relations will follow immediately.

Firstly, the notion of corresponding interpretation is defined and a proposi-
tion on corresponding interpretations is proved.

Definition 4.8 (Corresponding interpretations) Let I be a u-interpretation.
The corresponding Mti-interpretation to I, I', is defined as follows. For each
propositional variable, we set: (1) I(p) = {T} iff I'(p) = 2; (2) I(p) = 0 iff
I'(p) = 1; and (3) I(p) = {F} iff I'(p) = 0. Then, complex wffs are evalu-
ated as stated in Definition 2.9. Conversely, given an Mti-interpretation I, the
corresponding u-interpretation, I', is defined similarly w.r.t. propositional vari-
ables, whereas complex wffs are, of course, evaluated according to clauses 2-5 in
Definition 4.1.

On the other hand, corresponding Mti-interpretations (resp., o-interpretations)
to o-interpretations (resp., Mti-interpretations) are defined similarly, except
that now complex wffs are evaluated with Definition 2.9 (in the case of Mti-
interpretations) and Definition 4.4 (in the case of o-interpretations), while propo-
sitional variables are interpreted as follows (I stands for the o-interpretation
and I’ for the Mti-interpretation in question): (1) I(p) ={T} iff I'(p) = 2; (2)
I(p) ={T. F} iff I'(p) = 1; and (3) I(p) = {F} iff I'(p) = 0.

Proposition 4.9 (Equivalence of corresponding interpretations) (1) Let
I be a u-interpretation (resp., Mti-interpretation) and I' be the Mti-interpretation
(resp., u-interpretation) corresponding to I. Then, for each wff A, we have: (1)
IHA) ={T} f I'(A) = 2; (2) I(A) =0 iff '(A) = 1; and (3) I(A) = {F} iff
I'(A) =0

(IT) Let I be an o-interpretation (resp., Mti-interpretation) and I' be the
Mti-interpretation (resp., o-interpretation) corresponding to I. Then, for each
wff A, we have: (1) I(A) ={T} f I'(A) =2; (2) I(A) ={T,F} if I'(A) = 1;
and (3) I(A) ={F} iff I'(A) = 0.
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Proof. By an easy induction on the length of A. m

Proposition 4.10 (Coextensiveness of Fyrii, FJy; and FL,.) Foranyi (1 <
i <6) and wff A, (1) Exu A iffEY, A; (2) Evu A GffES,, A

Proof. Immediate by Definitions 2.9, 4.3, 4.6 and Proposition 4.9. =
Now, we can prove (weak) soundness.

Theorem 4.11 (Soundness of Lti w.r.t. Fye;) For any i (1 < i < 6) and
wjj"A, Zf FLti A, then hMm‘ A

Proof. Given a particular logic Lti, it is easy to check that the rules Adj, MP,
Suf, Pref, Veq —and Con in the case of Ltl-Lt4— preserve Mti-validity (if
the premises of each rule are MLti-valid, so is its conclusion). On the other
hand, the axioms of Lti are assigned the value 2 by any Mti-interpretation I.
Consequently, if Fr¢; A, then Fyy; A. (In case a tester is needed, the reader can
use that in [9].) m

Finally, we have the following corollary establishing soundness w.r.t. Ff,,
and F7,,.

Corollary 4.12 (Soundness w.r.t. K}, and F¢,.) For any ¢ (1 < i < 6)
and wff A, ifFry A, then (1) E},; A and (2) E},, A.

Proof. Immediate by Proposition 4.10 and Theorem 4.11. =

5 Theories and their properties

In what follows, we prove some properties of b3 and its extensions or expansions.
These properties will be used in the completeness proofs to follow. We begin
by defining the notion of a b3-theory and the classes of b3-theories of interest in
the present paper (by EL, we generally refer to an extension —or an expansion,
as the case may be— of the logic L; cf. Definition 2.3).

Definition 5.1 (Eb3-theories) Let L be an Eb3-logic. An L-theory is a set
of wffs closed under Adjunction (Adj) and provable L-entailment (L-ent). That
is, T is an L-theory if whenever A,B € T, then AN B € T; and if whenever
A — B is a theorem of L and A € T, then B € T (L-ent).

Definition 5.2 (Classes of Eb3-theories) Let L be an Eb*-logic and T an
L-theory. We set: (1) T is prime iff whenever AV B € T, then A € T or
BeT; (2)T is reqular iff T contains all theorems of L; (3) T is complete iff
forany wif A, A€ T or-Ae€T; (4)7T is trivial iff it contains all wiffs; (5) T
is a-consistent (consistent in an absolute sense) iff T is not trivial. Finally, (6)
T is consistent iff it is not inconsistent (T is inconsistent iff AN—-A € T for
some wff A).

Then, we have:
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Proposition 5.3 (Eb3-theories and double negation) Let L be an Eb3-logic
and T an L-theory. Then, A€ T iff —AeT.

Proof. Immediate by A6 and A7, given that 7 is closed under L-ent. m

Proposition 5.4 (Conjunction and disjunction in prime Eb3-theories)
Let L be an Eb*-logic and T be a prime L-theory. Then, (1) ANB € T iff
AeT and BeT ; (2) (AANB)eT iff -AeT or-BeT; (3) AVBeT
ifAeT orBeT ; (4) (AVB)eT iff -AeT and -BeT.

Proof. Immediate by By (cf. Remark 3.3) and the De Morgan laws (cf. T2
and T3 —Proposition 3.2; A19 and A20 —Definition 3.9). =

Next, we remark some fundamental properties of the conditional in Eb3-
logics and Eb3-logics. We consider prime, complete and a-consistent Ebj-
theories (resp., Eb3-theories) as well as prime, regular and consistent Eb3-
theories (resp., Eb3-theories).

Proposition 5.5 (— in prime, complete, a-consistent Ebj-theories) Let

L be an Eb3-logic and T be a prime, complete and a-consistent L-theory. Then,
~(A—B)eT iff[AcT and B¢ T| or [-A¢ T and ~B € T].

Proof. From left to right (=): Suppose (1) =(A — B) € T and, for reductio,
that one of the next four alternatives follows. (2) A ¢ T & -A € T; (3)
A¢T & -B¢T;(4)BeT & -AcTor(b)BeT & —B ¢ T. But these
four alternatives are impossible: (2) by [-(A — B) A—A] — A (T4); and (5) by
[-(A — B) A B] — =B (T5). Then, the impossibility of (3) and (4) are proved
as follows. Let C be an arbitrary wif. By (4) and [-(A — B)A(mAAB)] — C,
we get (A11) C € 7, contradicting the a-consistency of 7. Finally, given (3),
we have mA € T and B € 7T, since 7 is complete. Then, the impossibility of
(3) is shown similarly as that of (4).

From right to left («<): Suppose (1) A € 7 and B ¢ 7. By completeness
of T, we have =B € T. Then, -(A — B) € T follows by (AA-B) — [-(4 —
B) Vv B] (T8) and the primeness of 7. Suppose now (2) ~A ¢ 7 and =B € 7.
Then, =(A — B) € 7 follows similarly as in the precedent case by using now
(AAN-B) = [~(A— B)V 4] (T7). =

Proposition 5.6 (— in prime, regular, consistent Ebj-theories) Let L be
an Eb3-logic and T be a prime, regular and consistent L-theory. Then, A —
BeT iff AT orBeT or(A¢T and -B ¢T).

Proof. (=): Suppose (1) A — B € T and, for reductio, (2) "A¢ 7T & B¢ T
& AeTor(3)-A¢T & B¢7T & —BeT. But 2 and 3 are impossible
by A12 and A13, respectively, since 7 is prime.

(<): (1) Suppose A € T. We get A ¢ T since 7 is consistent. Then
A — B € T follows by A — [AV (A — B)] (A9) and primeness of 7. (2)
Suppose B € 7. By consistency of 7, we have =B ¢ 7. Then A — B € 7T is
derivable similarly as in case (1) by using now B — [-BV (A — B)] (A10). (3)
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Suppose A ¢ T and B ¢ 7. As 7 is regular, (AV-B)V (A — B) € T by T6.
Then, we have A — B € T by primeness of 7. m

Proposition 5.7 (— in prime, complete, a-consistent Eb3-theories) Let
L be an Eb3-logic and T be a prime, complete and a-consistent L-theory. Then,
~(A—-B)eT iff " A¢T and -BeT.

Proof. Similar to those of Propositions 5.5 and 5.6, by using now (A A -B) —
[FAV (A — B)] (A21) and [-(A — B)A (mAV B)] — C (A22). =

Proposition 5.8 (— in prime, regular, consistent Eb3-theories) Let L be
an Eb3-logic and T be a prime, reqular and consistent L-theory. Then, A —
BeT iff A¢T orBeT.

Proof. Similar to those of Propositions 5.5, 5.6 and 5.7 by using now [(4 —
B)ANA] — B (Al4), A— (B — A) (A16) and AV (A — B) (A18). m
We prove an additional property of Eb3-logics and then the primeness lemma.

Proposition 5.9 (Consistency or completeness) Let L be an Eb3-logic and
T be a prime L-theory. If T is inconsistent, then it is complete.

Proof. Immediate by A8. m

Lemma 5.10 (Primeness) Let L be an Eb*-logic, T an L-theory and A a
formula such that A ¢ T. Then, there is a prime L-theory T'such that T C T’
and A ¢ T'.

Proof. We extend 7 to a maximal theory 7' such that A ¢ 7’. Then, it is
easy to show that 7’ is prime (cf., for example, the proof of Lemma 5.13 in
[17]. This proof holds for any logic L that includes the positive fragment of
Anderson and Belnap’s First Degree Entailment logic, FDE, (cf. [1], §15.2),
provided that L-theories are defined similarly as Eb3-theories, that is, as sets of
formulas closed under L-ent and Adj). m

In Propositions 5.5, 5.6, 5.7 and 5.8, we have set down some fundamental
properties of the conditional in Eb3-logics, Eb$-logics and Eb3-logics. In what
follows, the essential properties of the conditional in the Eb$- and Eb3-logics Lt1
through Lt6 are added to the aforementioned (and more general) properties.

Proposition 5.11 (— in prime, complete, a-consistent Lti-theories) Let
L be an ELti-logic where Lti will refer in each case to one of the extensions of

b? displayed in Definitions 3.7 and 8.10. And let T be a prime, complete and

a-consistent L-theory. We have: ELt1-logics: A— BeT iff A¢T or-B¢T

or ["A €T and B € T|; ELt2-logics: A— BT iff ~A€T or BeT,; ELt3-

logics: A— BeT iff A¢ T or Be T; ELt}-logics: A— BeT iff ~AeT

or =B ¢ T; ELt5-logics: A — B € T iff ~A € T or B € T; ELt6-logics:

A—BeT iff -AeT or-Be¢T.
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Proof. It is similar to those of Propositions 5.5 through 5.8. (I) ELt1-logics (=)
Suppose (1) A — B € T and, for reductio, (2) A€ T & -Be€T & -A¢T
or(3) AeT & -Be€T & B¢ 7. But (2) and (3) are impossible by [(A —
B) A—=B] — —A (Al5) and [(A — B) A A] — B (Al4), respectively. (<) (1)
Suppose A ¢ 7. By completeness, we have =A € 7. Then, A — B € T follows
by ~A — [AV (A — B)] (A9) and primeness. (2) Suppose =B ¢ 7. We deduce
A — B € T similarly as in case (1) but by using now B — [-BV (A — B)]
(A10). (3) Suppose =A € 7 and B € 7. Further, let C be an arbitrary wif and,
for reductio, A — B ¢ 7. By completeness, we obtain =(A — B) € 7, whence,
by [+(A — B) A (A A B)] — C (All), C € T is derivable, contradicting the
a-consistency of 7.

The cases for ELt2-logics, ELt3-logics, ELt4-logics, ELt5-logics and ELt6-
logics are proved similarly. In particular, it suffices to use the properties of
7T mentioned in the statement of Proposition 5.11 and the following theorems.
ELt2-logics: [(A — B)AA] — (mAV B) (A12), A — (B — A) (Al16) and -A —
(A — B) (A17). ELt3-logics: =A — [AV (A — B)] (A9), (A— B)ANA] — B
(A14) and A16. ELt4-logics: B — [-BV(A — B)] (A10), [(A — B)A—-B] — -4
(A15) and A17. ELt5-logics: Al4, A16 and A17. ELt6-logics: Al16, A17 and
[(A— B)A(AA-B)] — C (A25). m

Proposition 5.12 (— in prime, regular, consistent Lti-theories) Let L
be an ELti-logic where Lti will refer in each case to one of the extensions of
b displayed in Definitions 3.7 and 3.10. And let T be a prime, reqular and
consistent L-theory. We have: ELt1-logics: =(A — B) € T iff [A € T and
B¢ T]or[~A¢T and =B € T|; ELt2-logics: -(A — B) €T iff A€ T and
-B € T; ELt3-logics: =(A — B) € T iff ~A ¢ T and -B € T; ELt4-logics:
~(A—B)eT iff Aec T and B ¢ T; ELt5-logics: -(A — B) e T iff AecT
and =B € T; ELt6-logics: (A — B)eT iff AcT and B¢ T.

Proof. Similar to those of Propositions 5.5 through 5.8. In particular, it suffices
to use the primeness, regularity and consistency of 7 together with the following
axioms and theorems.

ELt1-logics: =A — [AV (A — B)] (A9), B — [-BV (A — B)] (A10),
[-(A — B)A(-AAB)] — C (A11), (AV-B)V(A — B) (T6), A — [BV—(A —
B)] (T9) and =B — [~AV ~(A — B)] (T10).

ELt2-logics: (AA—-B) — [-(A — B)V~-A4] (T7) and -(A — B) — (AA-DB)
(T11).

ELt3-logics: [-(A — B) A—A] — A (T4), -B — [-AV ~(A — B)] (T10)
and =(A — B) — =B (T12).

ELt4-logics: A — [BV =(A — B)] (T9), [+(A — B) A B] — =B (T5) and
-(A — B) — A (T13).

ELt5-logics: =(A — B) < (A A—B) (A23).

ELt6-logics: A — (B — A) (A16), AV(A — B) (A18)and A — [BV (A —
B)] (A24).

Let us develop, for example, the case of ELt3-logics. (=) Suppose —(A —
B) e T. If A € T, then A € T follows by [-(A — B) A =A4] — A (T4)

15



contradicting the consistency of 7. Thus, =A ¢ 7. On the other hand, -B € T
is immediate by =(A — B) — =B (T12). (<) Suppose =A ¢ 7 and =B € 7.
Then (A — B) € 7 is deducible by the primeness of 7 and =B — [-AV—(A —
B)] (T10). =

6 Completeness of the Lti-logics

We prove the (weak) completeness of the Lti-logics (1 < i < 6) by using canon-
ical model constructions. As we have defined two types of models, uLti-models
and oLti-models (cf. Definitions 4.2 and 4.5), we need two types of canonical
models, “canonical uLti-models” and “canonical oLti-models”, which are based
upon the more basic notions of 7}'},-interpretations and 7°,-interpretations,
respectively. We begin by defining the latter notions.

Definition 6.1 (7;'},-interpretations) Let K be the set {{T},{F},0} as in
Definition 4.1. And let T be a prime, reqular and consistent Lti-theory. Then,
the function I from the set of all wffs to K is defined as follows: for each
propositional variable p, we set (a) T € I(p) iff pe T; (b)) F € I(p) iff peT.
Next, I assigns a member of K to each wff A according to clauses 2a, 2b, 3a,
3b, 4a, 4b, 5al (or 5a2) and 5bi (1 < i < 6) in Definition 4.2. Then, it is said
that I is a T.";-interpretation.

Definition 6.2 (7%,-interpretations) Let K be the set {{T'},{F},{T, F}}
as in Definition 4.4. And let T be a prime, complete and a-consistent Lti-
theory. Then, the function I from the set of all wffs to K is defined similarly
as in Definition 6.1 in the case of propositional variables, but complex wffs
are assigned a member of K according to clauses 2a, 2b, 3a, 3b, 4fa, 4b, Hai
(1 <4 <6) and 5b1 (or 5b2) in Definition 4.5. Then, it is said that I is a
T/, -interpretation.

Now, we can defined the canonical models.

Definition 6.3 (Canonical uLti-models) A canonical uLti-model is the struc-
ture (K, It,) where K is defined as in Definition 4.1 and I, is a T}',;-interpreta-
tion defined upon the Lti-theory T .

Definition 6.4 (The canonical relation Fy,. ) Let (K, I7,) be a canonical
uLti-model. Then for any formula A, Er,., A (A is a true in the canonical
uLti-model (K, It,)) iff T € IT,(A).

Definition 6.5 (Canonical oLti-models) A canonical oLti-model is the struc-
ture (K, It,) where K is defined as in Definition 4.4 and It, is a T, —interpreta-
tion defined upon the Lti-theory T .

Definition 6.6 (The canonical relation Fr. ) Let (K, I7,) be a canonical

oLti-model. Then for any formula A, Fr., A (A is a true in the canonical
oLti-model (K, I1,)) iff F ¢ IT,(A).
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We immediately have the following proposition.

Proposition 6.7 (Canonical Lti-models are indeed Lti-models) Let M
be a canonical uLti-model (resp. oLti-model). Then, M is indeed a uLti-model
(resp., oLti-model).

Proof. Immediate by Definitions 4.2 and 6.3 (respectively, 4.5 and 6.5). =

Given Proposition 6.7, the essential fact we have to prove in order to prove
completeness is that conditions (a) and (b) for propositional variables in Def-
initions 6.1 and 6.2 can be generalized to all formulas. This fact is proved in
Lemmas 6.8 and 6.9 below.

Lemma 6.8 (7;%,-interpreting the set of formulas) Let I be a T}, -inter-
pretation defined upon the Lti-theory T. For each wff A, we have: (1) T € I(A)
WAeT; (2)Fel(A) iff -AeT.

Lemma 6.9 (7%;-interpreting the set of formulas) Let I be a T/,;-inter-
pretation defined upon the Lti-theory T. For each wff A, we have: (1) T € I(A)
WAeT; (2)Fel(A) iff AeT.

The proof of Lemma 6.8 (resp., Lemma 6.9) is by induction on the length of
A and is based upon the properties of prime, regular and consistent Lti-theories
(resp., prime, complete, and a-consistent Lti-theories) recorded in Propositions
5.3, 5.4, 5.6 (resp., 5.5), 5.8 (resp., 5.7) and 5.12 (resp., 5.11). By using the
aforementioned propositions, it is essentially shown that the clauses in Definition
4.2 (resp., Definition 4.5) hold in the corresponding uLti-models (resp., oLti-
models). The proof is similar to that of Lemma 9.5 in [19] (resp., Lemma 8.5 in
[17]). In the following proof, we provide details for two of the cases.
Proof. Lti. ULtl-interpretations. F € (A — B) iff (clause 5b1 —Definition
4.2) [T € I(A)and T ¢ I(B)] or [F ¢ I(A) and F € I(B)] iff (induction) [A € T
and B¢ T] or ["A ¢ T and -B € T] iff (Proposition 5.12) -(A — B) € T.

Lt5. OLt5-interpretations. T € I(A — B) iff (clause 5a2 —Definition 4.5)
F € I(A) or T € I(B) iff (induction) =A € T or B € T iff (Proposition 5.11)
A—-BeT. n

Now, we can prove weak completeness of the Lti-logics w.r.t. the respective
matrix Mti.

Theorem 6.10 (Completeness of Lti-logics w.r.t. Eng;) For any wff A,
Zf ':Mti A, then l_Lti A.

Proof. Suppose that A is a wif such that ¥; A. We prove By; A. Let Ltd
be the set of its theorems. By the Primeness Lemma (Lemma 5.10), there is
a prime Lti-theory 7 such that Lti C 7 and A ¢ 7, whence it follows that 7°
is, in addition, regular and a-consistent. Suppose that 7 is inconsistent. Then,
7 is complete (by Proposition 5.9) and so =A € 7. Moreover, 7 generates
a canonical oLti-model (K, I7,) defined upon the Lti-theory 7 (cf. Definition
6.5) such that F' € I7,(A), i.e., ¥r,, A, and consequently, ¥7,. A by Definition
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6.6. But, on the other hand, suppose that 7 is consistent. Then 7 generates
a canonical uLti-model (K, I7,) defined upon the Lti-theory 7 (cf. Definition
6.3) such that T' ¢ I, (A), i.e., ¥ry A, and therefore, ¥}, A by Definition 6.4.
In consequence, if Fr; A either ¢, A or else ¥}, A. So, by Proposition 4.10,
Fuii A follows, as it was to be proved. m

As a corollary of Theorem 6.10, we have completeness of Lti w.r.t. =7, and
Pl

Corollary 6.11 (Completeness of Lti w.r.t. ., and F},,) For any wff A,
(1) if B, A, thentry A; and (2) if EY,; A, then Fry A.

Proof. Immediate by Theorem 6.10 and Proposition 4.10. =

7 The logics Lti?> and Lti=

So far, logics have been understood as sets of theorems or, equivalently, as sets
of valid formulas. In this section, logics will be viewed in a more general way
as structures determined by consequence relations. We begin by defining the
notions of truth-preserving and degree of truth-preserving consequence relations
in the context of the natural implicative expansions of MK3 with only one
designated value.

Definition 7.1 (The relations F3;,, and ':1%/1“ ) Let Mti (1 <14 <6) be one
of the natural implicative expansions of MKS defined in Definition 2.9(b). There
are essentially two different ways of defining a consequence relation in Mti:
truth-preserving relation (denoted by F2%,,;) and degree of truth preserving re-
lation (denoted by |=]%M). These relations are defined as follows for any set
of wffs T and wff A: (1) T 3, A iff I(A) € D whenever I(T') € D for all
Mti-interpretations I; (2) T ES,. A iff a < I(A) whenever a < I(T) for all
a €V and Mti-interpretations I. [T € I(T) iff VA e I'(T € I(A)); F € I(T) iff
JAeT(F e I(A)); [I(T)=inf{I(B) | BeT}.

In particular, E3;,; A iff I(A) € D for all Mti-interpretations I; and £5;,; A
iff a <I(A) for alla €V and for all Mti-interpretations I.

L2, A (resp., T F]\Sm A) can be read “A is a consequence of I', according
to Mti in the truth-preserving (resp., degree of truth-preserving) sense”. And
E2,; A (resp., B3, A) can be read “A is Mti-valid or A is valid in the matriz
Mti in the truth-preserving (resp., degree of truth-preserving) sense”.

These two notions of consequence are not equivalent as it is shown below.

Proposition 7.2 (Relation between F3;,, and ':Efm ) Let Mti (1 <4 <6)
be one of the natural implicative expansions of MK 3 defined in Definition 2.9(b).
For any set of wffs I' and any wff A, (1) if T FJ\SM A, then T B3, A; (2) the
converse of (1), however, does not hold.
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Proof. (1) It is immediate. (2) {A4,-A} F3},; B holds for any wffs A, B.
Consider, however, different propositional variables p;, p; and Mti-interpretation
I such that I(p;) = 1 and I(p;) = 0. Then, inf{p;, —-p;} = 1, given this Mti-
interpretation 7. m

However, we note the following remark.

Remark 7.3 (Fxp,; A iff F35,; A) Let Mti (1 < i < 6) be one of the natural
implicative expansions of MKS3 defined in Definition 2.9(b). Notice that h]%m A
iff I(A) = 2 for all Mti-interpretations I. Thus, for every wff A, ':J\Sdti A iff
E2 A

Consider now the following definition.

Definition 7.4 (Logics determined by matrices) Let £ be a propositional
language, M a matriz for L and b1 a (proof theoretical) consequence relation
defined on L. Then, the logic L (cf. Definition 2.2) is determined by M iff for
every set of wffs I' and wff A, T' b, A iff T By A, In particular, the logic L
(considered as the set of its theorems) is determined by M iff for every wff A,
Fr A iff Ey A (cf. Definition 2.5). Notice that Fy can be understood in the
truth-preserving or degree of truth-preserving sense.

Therefore, given the (weak) soundness and completeness theorems (Theo-
rems 4.11 and 6.10), we have that Lti, understood as the set of all theorems of
Lti, is the logic determined by the matrix Mti in the sense of Definition 7.4.
That is, the set of all valid formulas according to Mt and the set of all theorems
of Lti are one and the same set (1 < ¢ < 6).

Now, let us name Lti? (resp., Lti<) the logic determined by the relation
F21; (resp., Frj,;). The aim of this section is to define, for all i (1 < i < 6), the
logics Lti2 and Lti< determined by the relations F%;,; and E5,,, respectively.
In order to fulfill this aim, we define relations equivalent to F3;,; and lzl\gm
in uLti-semantics and o-Lti-semantics. Then, we investigate which deductive
consequence relations F3;,; and hﬁti are equivalent to.

Definition 7.5 (The relations F}?, and F2.) For any i (1 < i < 6), set
of wfs T and wff A, (1) T F¥2, A iff T € I(A) whenever T € I(T) for all
uLti-interpretations 1; (2) T B2, A iff F ¢ I(A) whenever F ¢ I(T) for all

oLti-interpretations 1.

Definition 7.6 (The relations h;é and EY5 ) For any set of wffs T and wff
A: (1) TES Aif Fe I(T) or T € I(A) or (T ¢ I(T) and F ¢ I(A)) for
all uLti-interpretations 1. (2) T K95 A iff T € I(A) whenever T € I(T) and
F ¢ I(A) whenever F ¢ I(T) for all oLti-interpretations I.

< Bef0r<e proving<the coextensiveness of the relations F3;,,, FI'Z, and 2, (resp.,
Fiiwir Fro and FJT ), we note the following corollary of Proposition 4.9.
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Proposition 7.7 (Equivalence of corresponding interpretations II) (1)
Let I be a u-interpretation (resp., Mti-interpretation) and I' the Mti-interpreta-
tion (resp., u-interpretation) corresponding to I. Then, for each set of wffs T, we
have: (1) IT)={T} ¢f I'(T) =2; I(T) =0 of I'(T) = 1; and (3) I(T') = {F}
iff I'(T) = 0.

(II) Let I be an o-interpretation (resp., Mti-interpretation) and I' the Mti-
interpretation (resp., o-interpretation) corresponding to I. Then, for each set
of wifs T, we have: (1) T € IT) iff I'T') =2 or I'(T') = 1; (2) F € I(T) iff
I')=0orI'(l) =1.

Proof. Immediate by Proposition 4.9. m

We prove:
Proposition 7.8 (Coextensiveness of Fxy,,;, Fis, and £, ) For any set
of wifs T and any wff A, (1) T 'Zz%m AffT h;lgn A; (2)T |=A§M AffT l=j4§ti A.

Proof. Firstly, we prove (2) (=) Suppose I' lzl\gm A and let I be an arbitrary
oLti-interpretation. We have to prove T € I(I') = T € I(A) and F ¢ I(T') =
F ¢ I(A). We define the Mti-interpretation I’ corresponding to I (cf. Definition
4.8). Then, we have: (a) Suppose T' € I(T"). We consider two subcases: F € I(T)
and F ¢ I(I'). If F € I(T"), then I'(T') = 1 (Proposition 7.7) and, by the
hypothesis, I'(A) = 1 or I'(A) = 2, that is, T € I(A) (Proposition 4.9). If
F ¢ I(T), then I'(T') = 2 (Proposition 7.7), and by the hypothesis, I'(A) = 2,
that is, ' € I(A) (and F ¢ I(A)), by Proposition 4.9. (b) Suppose F' ¢ I(T).
Then, T € I(T") since T ¢ I(T') is not possible, I being an o-interpretation. So,
case (b) is proved as the second subcase of (a).

(2) («=) We omit references to Definition 4.8 and Propositions 4.9 and 7.7.
Suppose I’ h(ﬁé A and let I be an arbitrary Mti-interpretation. We define the
oLti-interpretation I’ corresponding to I. Next, we consider the three possible
values that I can assign to I'. (a) I(I') = 0. Then, I(I") < I(A) is immediate.
(b) I(T) = 1. Then, T € I'(T") and F € I'(T). By the hypothesis, T € I'(A).
Now, if F € I'(A), then I(A) = 1; and if F ¢ I'(A) then I(A) = 2. Thus,
in either case, we have I(I') < I(A). (c) I(T') = 2. Then, T € I'(T") and
F ¢ I'(T"). By the hypothesis, T' € I'(A) and F ¢ I'(A), whence I(A) = 2. So,
I(T) < I(A).

(1) The proof is similar (cf. Proposition 12 in [18]).

If T is the empty set, then the proof follows by Proposition 4.9. =

Proposition 7.9 (Coextensiveness of F3;,;, F}'7, and F$2.) Foranyi (1 <
i < 6), set of wffs T and wff A, (1) T F%,,, Aiff T E2. A; (2) T B3, A iff
[ E92 A

Proof. Immediate given Proposition 7.7 and Definitions 7.1 and 7.5. =

In what follows, we investigate which deductive consequence relations the
relations F3;,; and Fﬁt , correspond to.

Let L be an Lti-logic. The standard deductive consequence relation can be
defined as follows.
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Definition 7.10 (Standard deductive consequence relation) Let L be an
Lti-logic, T be a set of wffs and A a wff. Then, T' =2 A (A is derivable from T
in L) iff there is a finite sequence of wffs Bi, ..., By, such that By, is A and for
each k (1 < k < m) one of the following is the case: (1) By € T'; (2) By is an
aziom of L; (3) By, is the result of applying one of the rules Adj, MP, Suf, Pref,
Veq and Con (when present: in Lt1-Lt4) to one or two of the preceding wffs in
the sequence (cf. Definitions 3.1, 8.4, 3.7 and 3.10). By %, we shall refer to
this deductive relation and, by Lti%, to the logic (L,F2,.) (cf. Definition 2.2).

In [19] (Theorems 8.6 and 9.8), the following theorem is proved.

Theorem 7.11 (Strong sound. and compl. of Lti?> w.r.t. ':12\/Iti) For any
i (1<i<6), set of wfs ' and wff A, T'+3,, A iff T 3, A.

Consequently, given Proposition 7.9, we have the following corollary.

Corollary 7.12 (Strong sound. and compl. of Lti? w.r.t. F}?. & F93.)
For any i (1 <14 <6), set of wffs T and wff A, (1) T 3, A iff T By, A; (2)
r l—%ti AGffT 'Zﬁl A.

Proof. Immediate by Proposition 7.9 and Theorem 7.11. =

As we have seen, the deductive relation just defined corresponds to the truth-
preserving relation F3j,;. We consider an alternative to this standard deductive
relation.

Definition 7.13 (Alternative deductive consequence relation) Let L be
an Lti-logic, T be a set of wffs and A a wff. Then, T F% A (A is derivable
from T in L) iff there is a finite sequence of wffs Bu, ..., By, such that By, is A
and for each k (1 < k < m) one of the following is the case: (1) By, € T'; (2)
By, is a theorem of L; (8) By is the result of applying Adj or L-entailment to
two previous formulas in the sequence. By I—%, we shall refer to this deductive
relation and, by Lti<, to the logic (L, }—fti) (cf. Definition 2.2).

We will prove I’ l—ai AiffT Fﬁti A for each i (1 < ¢ < 4). We begin by
proving soundness. As pointed out below Lt5< (resp., Lt6=) is not sound w.r.t.

< <
Faies (tesp., Fijig)-

Theorem 7.14 (Soundness of Lti w.r.t. Fy;,.) For anyi (1 <i <4), set
of wifs I and wff A, if T l—%ti A, then T’ h]%m A.

Proof. The proof is by induction on the length of the proof of A from I'. If
A €T or Ais by Adj, the proof is trivial; and it is immediate if A is a theorem
of Lti, since, by Theorem 4.11, all theorems of Lti are Mti-valid. So, suppose
that A is by L-entailment. Then, T’ }—ai B and Fp,i; B — A for some wif B. Let
now I be an arbitrary Mti-interpretation. We have to show I(T') < I(A). By
hypothesis, we have I(T') < I(B); and, by Theorem 4.11, I(B — A) = 2. Then,
there are three possibilities to consider.
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Remark 7.15 (Lt5 (resp., Lt6) is not sound w.r.t. Fx;,5 (resp., Fajeg))
Notice that Lt5-ent (resp., Lt6-ent) is not verified by lzjﬁw-semcmtics (resp.,

h%tﬁ-semantics). Consider any Mts-interpretation I (resp., Mt6-interpretation
I) such that I(B) =1 and I(A) =0. Then, I(B — A) =2, but I(T) > I(A).

o< u<
As a corollary, we have soundness w.r.t. Fyp;; and Ff;.

Corollary 7.16 (Soundness of Lti w.r.t. Fy= and F}'S) For any i (1 <
i < 4), set of wffs T and wff A, if T "%m‘ A, then (1) T |=2§ Aand (2)T ':Ztgz A.

Proof. Immediate by Proposition 7.8 and Theorem 7.14. m
Contrary to what the case with soundness has been, in what follows we prove
completeness of Lti< for all i (1 < i < 6) w.r.t. H\Sm and, consequently, w.r.t.
EYS and FS
Ly and Fri.
Firstly, we recall the notion of the set of consequences of a given set of
formulas in Lti and then we prove completeness.

Definition 7.17 (The set of consequences of T" in Lti) The set of conse-
quences in Lti of a set of wffs T (in symbols, CnT'[Lti]) is defined as follows:
CnT[Lti] = {A| T +5, A}

We note the following remark.

Remark 7.18 (The set of consequences of I' in Lti is a regular theory)
It is obvious that for any T, CnT'[Lti] is a regular theory: it is closed by Adj,
Lti-ent, and contains all theorems of Lti (cf. Definitions 5.2 and 7.13).

Theorem 7.19 (Completeness w.r.t. Fy;,.) For any i (1 < i < 6), set of
wffs T and wff A, if TF5,; A, then T F5, A.

Proof. Suppose I' Jz‘ai A for some i (1 <1i < 6), set of wifs T and wif A. We
prove I’ #ﬁti A IfT J?‘Eti A, clearly A ¢ CnI'[Lti]. Then, by the primeness
lemma (Lemma 5.10), there is a prime Lti-theory 7 such that CnI'[Lti] C 7
and A ¢ T, whence it follows that 7 is, in addition, regular (since CnI'[Lti] is
regular) and a-consistent. Suppose that 7 is inconsistent. Then, 7 is complete
(by Proposition 5.9). Therefore, 7 generates an oLti-interpretation I such
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that T € I7(7T) and T ¢ Ir(A). Given that I' C CnI'[Lti| C 7, T € Ir(T). So,
T #5, A, by Definition 7.6.

On the other hand, suppose that 7 is consistent. Then, 7 generates a uLti-
interpretation I such that T € Ir(7) and T ¢ I7(A). As T is consistent,
there is no B € 7 such that F' € I7(B): otherwise, =B € 7 (by Lemma 6.8).
So, F ¢ I7(T). Now, as T C CnI'[Lti] C T, T € I7(T). Then, T #5; A follows
since F ¢ I7(T"), T ¢ I7(A) and T € I7(T") (cf. Definition 7.6). Therefore, if
r Jr‘ai A, either T’ }fiﬁz AorT }fl{éz A, whence I’ }fﬁm A follows, by Proposition
7.8, as was to be proved. m

As a corollary, we have completeness w.r.t. FKISM and IZK,[SM..

Corollary 7.20 (Completeness of Lti< w.r.t. F05, and Fy=) Foranyi (1
<i <6), set of wffs T and wff A, (1) if T 95 A, then T 5, A; and (2) if
T EYS A, thenTF5,, A.

Proof. Immediate by Theorem 7.19 and Proposition 7.8. =

8 Concluding remarks

We have the following facts concerning the logics determined by the 30 natural
implicative expansions of MK3.

1. In [17], an o-determined truth-preserving consequence relation is used for
axiomatizing the 24 natural implicative expansions of MK3 with two des-
ignated values (cf. Proposition 2.8 and Definition 2.9) in a unified and
general way. That is, we have proved for any i (1 < i < 24), set of wffs
[ and wif A, T 3, A iff T F2, A where (£,+£,;) is the logic deter-
mined by the matrix Mti and {3, is the aforementioned o-determined
truth-preserving consequence relation.

2. In [19], a u-determined truth-preserving consequence relation is used for
axiomatizing the logics determined by the 6 natural implicative expansions
of MK3 with only one designated value (cf. Proposition 2.8 and Definition
2.9) in a general and unified way. That is, in the referred paper, it has been
proved for any i (1 <14 < 6), set of wifs I and wif A, ' -3, Aiff [ K2, A
where (£,F£,,) is the logic determined by the matrix Mti and F}'?; is the
aforementioned u-determined truth-preserving consequence relation.

3. In the present paper, we have proved the following facts: (a) if understood
as sets of theorems, or equivalently, as sets of valid formulas, the logics
determined by the 6 natural implicative expansions of MK3 with only one
designated value can be given equivalent u-semantics and o-semantics; (b)
for any ¢ (1 <4 <4), Lti< is sound and complete w.r.t. hﬁti. However,
Lt55 (resp., Lt6=) is only complete, not sound w.r.t. |=1\§“5 (resp., ':l\gltt})'
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4. For any i (1 <i <4), LtiS is a paraconsistent version of the logic (£,
) treated in [19] (cf. point (2) above and Proposition 7.2). Thus, for
example, Lt2= is the paraconsistent version of Lukasiewicz’s 3-valued logic
L3.

5. It is clear that the 24 logics investigated in [17] cannot be given a u-
semantics: the designated value 1 would have to be viewed as an under-
determined value. But an additional question is whether the logic Lti< is
sound and complete w.r.t. hﬁti (1 < i < 24). Concerning this question
we note the two following facts.

(a) Consider the expansions of MK3 defined by the general table (desig-
nated values are starred):

-0 1 2
0 [2 a 2
THL |0 oy a
*2 0 Q4 2

where a; (1 <i < 4) € {1,2} (cf. Table I in Proposition 2.8). Let
MUIIT refer to any of the 16 expansions of MK3 definable from the
tables in TIIT (cf. Definition 2.9). LtIII is not sound w.r.t. |=1\S,[tm:
for any MtIIl-interpretation I and wifs A, B, I(A — B) = 2 or
I(A — B) =1 whenever I(A) =2 and I(B) = 1.

(b) Consider the expansions of MK3 defined by the general table (desig-
nated values are starred):

-0 1 2

0 2 aj 2
Tiv *1 0 ag as

210 0 2

where a; (1 <14 < 3) € {1,2} (cf. Table I in Proposition 2.8). Let
MtIV refer to any of the 8 expansions of MK3 definable from the
tables in TIV (cf. Definition 2.9). LtIV is sound and complete w.r.t.
FSqv in fact, it would not be difficult to prove that Lt5, and LtZy
are equivalent logics (cf. Definition 2.2).

6. The referees of the IGPL have called our attention to some work related to
the research recorded in our paper. In particular, [14] and [15] study the
logics described in Definition 2.9 in a natural deduction setting, while [11]
investigates truth-functional extensions of Priest’s LP in the same context.
On the other hand, in [13], BD-semantics is defined for truth-functional
expansions of Anderson and Belnap’s First Degree Entailment Logic, FDE,
Priest’s LP and Kleene’s K3. Then, in [21], natural deduction systems for
the first order Belnap-Dunn logics are systematically explored by essen-
tially using Baaz’ delta operator. Finally, [22] proposes an extension of
LP with Rescher’s implication.
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