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Abstract

The aim of this paper is, on the one hand, to study the effect of adding the reduc-
tio axioms to the basic constructive logics adequate to the alternative concepts
of consistency defined by us. On the other hand, this is a preliminary study on
the, in some way, complicated relations these logics maintain to each other.

1. Introduction

We have remarked before the peculiar effects that the reductio axioms
cause when added to weak logics (cf. [7]). The aim of this paper is, on
the one hand, to study the results derived from their addition to the basic
constructive logics defined by us. On the other hand, it is a preliminary
study on the somehow entangled relations between these constructive log-
ics; especially entangled, indeed, when strong positive axioms are added to
them. The structure of this paper is as follows. In §2, the definitions of
the concepts of consistency alternative to the standard one, as well as the
basic constructive logics adequate to them, are recalled. In §3, the effect
of adding the (constructive) reductio axioms is studied. Finally, in §4, we
provide corresponding semantic postulates to the reductio axioms in the
context of Bk (see §2), the minimal (non-positive) logic considered in this
paper, and the minimal logic in the ternary relational semantics to which
these axioms can be, so it seems, added if we are thinking on some kind
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of intuitionistic-type negation introduced with the unary connective. We
note that all logics in this paper are in one, or more senses, paraconsistent
logics (cf. [10]).

2. The basic constructive logic for four different con-
cepts of consistency

Let L be a propositional language with a set of denumerable variables and
with the connectives — (conditional), A (conjunction), V (disjunction) and
— (negation). The set of wif as well as the biconditional («) is defined
in the usual way. By S, we refer to any logic whose language is L. The
capital letters A, B, C etc. will refer to wif. Then, the notion of a theory
is defined as follows:

DEFINITION 1. A theory is a set of formulas of L closed under adjunction
and provable entailment. That is, T is a theory iff (i) if A€T and B €T,
then AN B €T and (ii) if A — B is a theorem of S and A € T, then
Bel.

Next, the four concepts of consistency referred to above are defined:

DEFINITION 2. (Weak consistency in a first sense) A theory T is
wl-inconsistent (weak inconsistent in a first sense) iff ~A € T', A being
a theorem of S (a theory is wi-consistent — weak consistent in a first sense
—iff it is not wl-inconsistent).

DEFINITION 3. (Weak consistency in a second sense) A theory I’

is w2-inconsistent (weak inconsistent in a second sense) iff A € T', A
being a theorem of S (a theory is w2-consistent — weak consistent in a
second sense — iff it is not w2-inconsistent).

DEFINITION 4. (Negation consistency) A theory I is n-inconsistent (nega-
tion inconsistent) iff AN —-A €T for some wff A (a theory is n-consistent
— negation consistent — iff it is not n-inconsistent).

DEFINITION 5. (Absolute consistency) A theory I is a-inconsistent (in-
consistent in an absolute sense) iff T is trivial, i.e., iff every wff belongs to
I’ (a theory is a-consistent — consistent in an absolute sense — iff it is not
a-inconsistent).
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Now, the logic Bk is the result of adding the K rule

K.FA= FB—- A

to Routley and Meyer’s well-known basic positive logic By (cf., e.g., [11].
The logic Bk is treated with detail in [8]). Then, consider the following
theses:

tl. A —[A — —(A — A)]

t2. [B— —(A— A)] - -B

t3. 7A — [A — (AA—-A)]

t4. [B — (AAN-A)] — -B

t5. (AN-A) — =(A — A)

t6. = A — (=B — —A)

t7. (FAA-B) — —(AV B)

t8. =A — (A — B)

t9. (A — B) — (=B — —A)
t10. =B — [(A — B) — —A]
t11l. (A — -B) — (B — —A)
t12. B — [(A — =B) — —A4]

Notice that t9 and t10 are the weak (constructive) contraposition ax-
ioms and t11 and t12 are the strong (constructive) contraposition axioms.
Now, the following logics are defined:

Bxke1: Bk plus t1 and t2.
Bkea: By plus t3, t4 and t5.
Bkes: Bry plus t2 and t8.
Bkecio: Bxy plus t4, t6 and t7.
Bke1: Bker plus t9 and t10.
BKC4’: BKC4 phlS t9 and t10.
BKC7I BKC6 phJ.S t9 and t10.
Bke2: Bker plus t11 and t12.
Bkes: Bkes plus t11 and t12.
Bkeo: Bkes plus t11 and t12.
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The logics Bkc1, Bke1o, Bkea and Bgeg are the basic constructive
logics adequate to wl-consistency, w2-consistency, n-consistency and a-
consistency, respectively, in the ternary relational semantics without a set
of designated points (cf. [8], [10], [3] and [1]). The terms basic, constructive
and adequate are discussed in the aforementioned papers. Then, the logics
Bke1’, Biear and Bger are the results of adding the weak contraposition
axioms to Bkc1, Bkes and Bkeg, respectively (cf. [6], [5] and [1]); and the
logics Bke2, Bkes and Bgeg are axiomatized when adding the strong con-
structive contraposition axioms to Bg¢1, Bkcs and Bikcg, respectively. We
remark that t9, t10 and the reductio axioms t14 and t15 (cf. §3 below) are
derivable in Bgkc1g, and that, given the intended motivation of Bkc1g, the
strong contraposition axioms t11 and t12 cannot be added to it (cf. [10]).

We note:

REMARK 1. The logic Bkes is the result of adding t8, t11 and t12 to
Bke1. Then, we note that Bkes and Bieo are deductively equivalent (cf.
[8]). The logic Bkes is axiomatized by replacing t8 by t13 A — (mA — B)
in Bkes. Finally, the logics Bxc1r and Bkes are defined in [6] and [5],
respectively.

REMARK 2.  All logics except Bkcig can equivalently be defined with a
falsity constant instead of the unary connective (cf. [9], [2], [4], [10]).

The relations that the logics defined above maintain to each other can
be summarized in the following diagram (the arrow — stands for D). That
these are the only relations that can be obtained between these logics is
proved, on the one hand, in [8], [3], [1] and [10], and, on the other hand,
by using MaGIC, the matrix generator developed by J. Slaney (cf. [13]).
(Cf. Appendix).
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Diagram 1

3. Adding the (constructive) reductio axioms to the
basic constructive logics

The constructive reductio axioms are
t14. (A — —-B) — [(A — B) — —A4]
and
t15. (A — B) — [(A — —B) — —4]
Now, the aim of this note is to study the effect of adding t14 and t15
to the basic constructive logics Bkc1, Bkes and Bgkes. We note:

REMARK 3. The following are theorems of Bkei1 (the first one is a theorem
of Bk (cf. [11]):

t16. (A — B) — [A — (A A B)]

t17. =A — (A — -B)
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Then, we have:

PrROPOSITION 1. Let Bg4- be any negation extension of Bk, with t10
and t18 (A — —B) — —(AA B) (respectively, t19 (A — B) — —~(AA-B)).
Then, t14 (respectively, t15) is a theorem of Bgi-.

PrOOF. We prove that t14 is a theorem of the given logic Bk - (the
other part of the proof is similar).

1. «(AAB) — {[A — (AA B)] — ~A} £10
2. t14 t16, t18, 1
O

PROPOSITION 2. Let Bgi- be any negation extension of Bk with t14
(or with t15) and t17. Then, t6, t9 and t10 are theorems of Bx.y-.

PrOOF. We prove that t6, t9 and t10 are theorems of the given logic
Bk~ (the other part of the proof is similar).

1. (A—=-A) = [(A— A) - -4 T14
2. A — [(A— B) — 4] 1, t17
3. A — (B — —A) 2, K
4. =B — [(A — B) — 4] t14, 3
5. (A— B) — =(AAN-B) t14
6. -B — [A — (AA-DB)] t16, 3
7. (A— B) — (=B — —A) 4,5,6

O

PRrROPOSITION 3. Let Bgi— be any negation extension of Bx, with t4.
Then, t18 and t19 are theorems of Bg4-.

PROOF. We prove that t18 is derivable (the proof for t19 is similar). First
it is proved - A — B =+ (A — -B) — —A:

1. FA— B Hyp.
2. F(A—-B)—[(A— B)A (A — —B)] 1, K
3. F[(A—=B)A(A—-B)]—-A t4, Bx
4. F(A—-B)— -4 2,3

Then, t18 is immediate. [l
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As a corollary of Proposition 1 and 3, we have:
PROPOSITION 4. The reductio axioms t14 and t15 are theorems of Bges:-

Now, let Bkcen be any of the constructive logics treated in this paper,
and tm any of the axioms here considered. The logic Bkentm is the result
of adding tm to Bkcn. Thus, for example, Bgcat14 (respectively, Bieat1s) is
the extension of Bkcs with t14 (respectively, t15). Now, from Proposition
2 follows immediately:

PROPOSITION 5. The weak contraposition axioms t9 and t10 are theorems
of Bkcat14 and Brcat1s-

And, as a corollary of Propositions 4 and 5:

PrROPOSITION 6. The logics Bkca', Bkeat1a and Bieasis are deductively
equivalent.

Next, it is proved:

PROPOSITION 7. The logic Bicis1a (Bkeit1s) is deductively equivalent to
BKC4’-

PROOF. (a) Given Proposition 2, we only have to prove that t3, t4 and t5
are theorems of Bxc1114 (Bkeit15). We prove that this is the case in respect
of Bkcit14 (the other part of the proof is similar).

1. "A— [A— (AAN-A)) t16, t17
2. 7(AN-A) t14
3. B— —(AAN-A) 2,K
4. [B— (AN-A)] — B t14, 3
5. (AA-A) — B 2, t17

(b) As Bkci is included in Bgeq (cf. [3]), the proof in the inverse
direction follows by Proposition 4. O

As a corollary of Proposition 6 and 7, we have:

PRrROPOSITION 8. The following logics are deductively equivalent: Bgcs,
Bxkeat14, Bkeat1s, Breit1a and Bieitis-
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Now, given that the EFQ (‘E falso quodlibet’) axiom t8 is not derivable
in any logic equivalent to, or included in, Bkes (notice that Bges is a
sublogic of minimal intuitionistic logic) the following relations are obtained
between the basic constructive logics when the reductio axioms are added:

Diagram 2

ProOOF. The proof is by Proposition 8, Diagram 1, and by using MaGIC
again, when needed. (Il

Finally, we note the following:

REMARK 4. (a) The strong contraposition axioms are not derivable in
Bkest14 (S0, in none of the logics included in it, c¢f. Diagram 2). (b) The
reductio azioms, derivable in Bkes, are not derivable in Bkeo (so, neither
are they in Bkea). (¢) If the reductio axioms are added to Bkeo and Bkco,
the resulting relations between these systems are:
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Diagram 3

Results in a and b are by MaGIC, and that in ¢ is obvious.

4. Semantics for the reductio axioms in the context of
BKcl

We provide a semantics for the constructive reductio axioms in the con-
text of the logic Bk.;. Knowledge of the Routley-Meyer ternary relational
semantics for relevant logics (cf., e.g., [11]), as well as that of the ternary
semantics for Bi; (cf. [8]) is presupposed. Consider the following semantic
postulates:
P1l. R%*abcd & d € S = (Fv,y € K)(3z € S)(Racx & Rbey &
Rzyz)
P2. R*abed & d € S = (Ar,y € K)(3z € S)(Racr & Rbey &
Ryxz)
We shall prove:

PROPOSITION 9. P1 and P2 are the corresponding postulates (c.p) to,
respectively, t14 and t15. That is, given Bgc1-semantics, t14 (respectively,
t15) is proved valid with P1 (respectively, P2). And given the logic Bke1, P1
(respectively, P2) is proved canonically valid with t14 (respectively, t15).

In order to prove Proposition 9, we note:

REMARK 5. (Cf. [8]) (a) The following are rules of Bkei: t20 H A =
F—=4; 21 F A= F (B — =A) — =B. (b) RCabc = b C ¢ holds in the

Bke1 canonical model (in fact, in the Bxy canonical model).

Next, we prove that P2 is the c.p to t15 (the proof for P1 and t14 is
similar).
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PROOF. (a) t15 is valid: Suppose that t15 is not valid. Then, a F A — B,
a ¥ (A — —-B) — —A for some ¢ € K in some model. So, for b, ¢ € K
such that Rabe, b E A — —B, ¢ ¥ —A. Consequently, for certain d € K
and e € S such that Rede, d F A. As Rabc and Rede, we have R2abde. As
e € S, Radz, Rbdy, Ryxz follow for some x, y € K and z € S in this model
(P2). Now, z = B (Radz and d F A) and y F =B (Rbdy, b= A — =B and
dE A). So, z ¥ B (yF =B, Ryxz and z € S), contradicting = F B above.

(b) P2 is canonically valid: Suppose R“%abcd and d € S¢. That is,
suppose R€abu and R€ucd for some u € K€ and d € S¢. We have to
prove that there are z, y € K¢ and z € S¢ such that R¢acz, R¢bcy and
RCyzz. So, define the theories + = {B | 3A[A — B €a & A € ]},
y={B|3A[A - Beb & Ae€c}and z ={B | 3JAA - B €
y & A € x]}. We see that RTacz, RTbey and RTyzz. We have to prove
that z is wl-consistent (cf. Definition 2). So, for reductio ad absurdum,
suppose that =A € z, A being a theorem of Bk.; plus t15. By definition
of z, y, 2z, C — (B — —A) € b, D — B € a for some wif B and wifs
C € ¢, D € c. By t21 (Remark 5a), F (B — —A) — —B is a theorem.
So, [C — (B — —A)] — (C — —B) is also a theorem, and, consequently,
C — -B € b. By R%abu, b C u follows (Remark 5b). So, C — =B € u.
Then, -B € d (RCucd, C € ¢). On the other hand, as any theory contains
all theorems of Bkcit15, D — D € u; and, then, D € d (RTucd, D € c).
Consequently, D A =B € d.

Next, we prove that —(D A —~B) € d, whence the wl-inconsistency of z
is untenable. By t19, - (D — B) — —(D A —=B). Then, =(D A —-B) € a
(D — B € a). Now, let E be a theorem (note that -—FE is also a theorem
by t20 —Remark 5a—). By t17, =(D A =B) — [(D A =B) — —E]. So,
(DA-B) - —-FE € a whence ~—E — -(DA—-B) €abyt9. As —Ecb
(=—FE is a theorem), ~(D A =B) € u (R%abu). Again, by t17 and t9,
——=FE — =(DA-B) € u, and given that ~—FE € ¢, 7«(DA—-B) € d (R ucd).
Consequently, [(DA-B)A=(DA-B)] € d. By t15, =(AA—A) is immediate.
So, =[(DA—B)A=(D A=B)] is a theorem, whence [(D A—B)A—(D A —-B)]
— —F is also a theorem by t17 (cf. Remark 3). Therefore, d contains every
negation formula, which contradicts its wl-consistency. Finally, z, y and z
are extended to the required prime theories in the standard way (cf. [8]).00

To end the paper, we note that (a) the strong contraposition axioms
t11 and t12 have not been necessary in the proof of the canonical validity
of P2, and that (b) given the soundness and completeness of Bk.1, we have
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in fact provided a semantics for Bkcis14 (Bkeit1s) independent of that for
Bkesa and its extensions.

Appendix

The following sets of matrices have been found by MaGIC (cf. [13]). Each
one of them satisfies the axioms and rules of B and the K rule. Designated
values are starred. MS abbreviates “Matrix Set”.

MSI:
— o 1 2 Ao 102 v o 1 2
0 |2 2 2 010 0 0 010 1 2
1 /1 2 2 110 1 1 1|1 1 2
10 0 2 10 1 2 ¥ 2 2 2
0 |2 0 |2
O L A
¥9 | 2 2| 0

Both matrices satisfy t1 and t2. So, the positive matrices plus (a)
(MSIa) or plus (b) (MSIb) verify Bkc1. Now, MSIa falsifies t8 (4 = 1,
B =0). So, Bk does not include Bg.g. MSIb falsifies t4 (A = B = 1), t6
(A=1,B=2)and t9 (A =1, B=0). So, Bke1 includes neither Bgc4 nor
Bkee nor Bierr. Consequently, Bge; includes none of the logics treated in
the paper (except, obviously, itself and the positive logics B4 and Bk).

MSII:

-0 1 2 3 Ao 1 2 3 v o 1 2 3
0 [3 3 3 3 00 0 0 0 0]o 1 2 3
1|1 3 3 3 1 {0 1 1 1 1 {1 1 2 3
2 |1 1 3 3 2 /0 1 2 2 2 |2 2 2 3
310 1 1 3 310 1 2 3 *313 3 3 3

0 [3 0 [3
a) 1 [3 b)) 1 |1

2 |1 2 |1

31 *300
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MSITa and MSIIb verify Bkei» (they satisfy t1, t2, t9, t10). MSIIa
falsifies t8 (A = 1, B = 0). So, Bkc1> does not include Bkes. MSIIb
falsifies t4 (A = B =1) and t11 (A =1, B = 2). So, Bke1’ includes neither
Bkeq nor Bieo. Consequently, no logic in the paper except Bk, is included
in BKc1’~

MSTII:
—~]l0 1 2 3 4 Alo 1 2 3 4
0 |4 4 4 4 4 00 0 0 0 0
110 4 0 4 4 11010 1 1
2 01 1 4 4 4 200 0 2 2 2
310 1 0 4 4 310 1 2 3 3
410 0 0 0 4 410 1 2 3 4
vi o1 2 3 4 . -
0 |0 1 2 3 4 0 |4 0 |4
111 1 4 3 4 1 |4 110
2 12 4 2 4 4 a) 5 |y L
3 13 3 4 3 4 3 |4 3 10
¥4 4 4 4 4 ¥4 | 4 ¥4 |0

MSIITa and MSIIIb verify Bres (they satisfy t3, t4 and t5). MSIIIa
falsifies t8 (A = 1, B = 0). So, Bkc4 does not include Bkeg. MSIIIb falsifies
6 (A=2, B=0) and t9 (A =2, B =0). So, Bkes includes neither Bkc1o
nor Bgk.1:. Consequently, no logic in the paper except Bxk.; is included in

Biea.
MSIV:
-0 1 2]~ Ao 1 2 v |0 1 2
012 2 22 00 0 0 0]0 1 2
10 2 2|2 1 {0 1 1 11 1 2
*200 0 2|0 200 1 2 202 2 2

MSIV verifies Bkcio (it satisfies t4, t6 and t7) and falsifies t1 (A = 1)
and t5 (A = 1). So, Bk includes neither Bkc; nor Bkcs, and, conse-
quently, it includes none of the other logics treated in the paper.
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MSV:
— ‘ 0 1 2 3|~ A 0o 1 2 3 vV 0 1 2 3
0 |3 3 3 3|3 0O |0 0O O O 0|0 1 2 3
1 2 3 3 3|2 1 0 1 1 1 1 1 1 2 3
2 0O 0 3 3|0 2 0o 1 2 2 2 2 2 2 3
*310 0 0 3]0 *310 1 2 3 *313 3 3 3

MSV verifies Bkcg (it satisfies t2 and t8) and falsifies t4 (A = B = 1),
t13 (A=B=1)and t9 (A =1, B =0). So, Bkcs includes neither B4
nor Bkci:. Consequently, no logic in the paper except Bk.; is included in

Bkes-
MSVI:
-0 1 2]~ Ao 1 2 v |0 1 2
0|2 2 22 0 ]0 0 0 0]0 1 2
1|1 2 2|1 1 {0 1 1 11 1 2
*200 0 2|0 200 1 2 202 2 2

MSVT verifies Bges (it satisfies t2 and t13) and falsifies t4 (A = B = 1),
t6 (A=1, B=2)and t9 (A =1, B=0). So, Bkcs includes neither Bx¢4
nor Bg¢1’ nor Bkc1g. Consequently, no logic in the paper except Bkcg is
included in Bgcs.

MSVII:
-0 1 2 3| A0 1T 2 3 v |0 1 2 3
0|13 3 3 3|3 0 |0 0 0 O 0|0 1 2 3
1 1 3 3 3|1 1 0 1 1 1 1 1 1 2 3
2 1 1 3 3|1 2 /0 1 2 2 2 2 2 2 3
*310 1 1 3]0 *310 1 2 3 *313 3 3 3

MSVII verifies Bger (it satisfies t2, t8, t9 and t10) and falsifies t4
(A=B=1),t11 (A=1, B=2) and t13 (A = 2, B = 0). Consequently,
Bker does not include Bkes (so it does not include Bke1g nor Bies', Bkes
either) Biea (80, neither does it include Bieg) and Bges.
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MSVIIL:
—~]0 1 23 A0 123 Vv][0o 123
03 333 00000 ©0]01 2 3
10303 1]/0o101 1 [1 13 3
2 /1133 20022 2|2 323
30 1 0 3 *3|0 1 2 3  *3|3 3 3 3
0 |3 0 |3

a) 1 [0 b)) 1 |3

2 |1 2 |1

*3 10 *3 |1

MSVIITa and MSVIIIb verify Bk (they satisfy t3, t4, t5, t9 and t10).
MSVIIIa falsifies t11 (A = 1, B = 2). MSVIIIb falsifies t8 (A =1, B = 0).
Consequently, Bkcq> does not include B2 (so, neither does it include Bxkcs,
Bkeo) and Bkeg (80, neither does it include Bgcr, Bies)-

MSIX:
—~ 0 1 2 Ao 12 v o 1 2
0 |2 2 2 0 l0 0 0 0 |0 1 2
1 /1 2 2 1 /o0 1 1 1 /1 1 2
10 1 2 10 1 2 ¥ 12 2 2
0 |2 0 |2
a) 111 DA
% | 0 %9 | 1

MSIXa and MSIHXb verify Bkeo (they satisfy t1, t2, tlland t12).
MSIXa falsifies t4 (A = B = 1). MSVIIIDb falsifies t8 (A = 1, B = 0). Con-
sequently, Bkco does not include Bkcyq (so, neither does it include Bkcio,
Bkes and Bges) and Bges (so, neither does it include Bkc7, Bkes and
Bxkco)-

MSX:

-0 1]~ Ao 1 v [0 1
0 |1 1|1 0 |0 O 0 |0 1
110 11 110 1 111 1
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MSX verifies Bxes (it satisfies t3, t4, t5 and t12) and falsifies t8 (A = 1,
B = 0). Consequently, Bkc; does not include Bgces (S0, neither does it
include Bike7, Bkes and Bkco).

MSXI:

-0 1 2]~ A0 1 2 v |0 1 2
012 2 22 0 [0 0 O 0 [0 1 2
1 (1 2 2|1 1 /0 1 1 1|1 1 2
200 1 2|0 200 1 2 202 2 2

MSXT verifies Bgco (it satisfies t1, t8, t11 and t12) and falsifies t4
(A = B =1). Consequently, Bk does not include Bgcs (so, neither does
it include BK0107 BKC4’ and BKC5>'
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